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Recently proposed Lagrangian for non-Abelian tensor gauge ﬁelds contains quadratic kinetic terms,
as well as cubic and quartic terms describing non-linear interaction of tensor gauge ﬁelds with
dimensionless coupling constant g. We analyze the free ﬁeld equations for the lower rank non-Abelian
tensor gauge ﬁelds. These equations are written in terms of the ﬁrst order derivatives of extended ﬁeld
strength tensors, similarly to the electrodynamics and Yang–Mills theory. In four-dimensional space–time
the rank-2 gauge ﬁeld describes propagating modes of helicity two and zero. We show that the rank-3
gauge ﬁeld describes propagating modes of helicity-three and a doublet of helicity-one gauge bosons.
We present the free ﬁeld equation for the general rank-(s + 1) tensor gauge ﬁeld and its higher helicity
solution.
© 2009 Elsevier B.V. Open access under CC BY license. It is appealing to extend the gauge principle [1] so that it would
deﬁne the interaction of matter ﬁelds which carry not only non-
commutative internal charges, but also arbitrary spins. In our re-
cent approach the gauge ﬁelds are deﬁned as rank-(s + 1) tensors
[2–4]
Aaμλ1...λs (x),
and they are totally symmetric with respect to the indices λ1 . . . λs .
The number of symmetric indices s runs from zero to inﬁnity.1 The
index a numerates the generators La of a Lie algebra. The extended
non-Abelian gauge transformation δξ of tensor gauge ﬁelds is de-
ﬁned by the equations [2–4]
δAaμ =
(
δab∂μ + g f acb Acμ
)
ξb,
δAaμν =
(
δab∂μ + g f acb Acμ
)
ξbν + g f acb Acμνξb,
δAaμνλ =
(
δab∂μ + g f acb Acμ
)
ξbνλ
+ g f acb(Acμνξbλ + Acμλξbν + Acμνλξb),
· · · (1)
where ξaλ1...λs (x) are totally symmetric gauge parameters, and com-
prises a closed algebraic structure. This allows to deﬁne general-
ized ﬁeld strength tensors [2–4]
Gaμν = ∂μAaν − ∂ν Aaμ + g f abc AbμAcν,
E-mail address: savvidy@inp.demokritos.gr.
1 A priori the tensor ﬁelds have no symmetries with respect to the ﬁrst index μ.
The free ﬁeld theory of totally symmetric tensors of high rank were constructed in
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Open access under CC BY license. Gaμν,λ = ∂μAaνλ − ∂ν Aaμλ + g f abc
(
AbμA
c
νλ + AbμλAcν
)
,
Gaμν,λρ = ∂μAaνλρ − ∂ν Aaμλρ
+ g f abc(AbμAcνλρ + AbμλAcνρ + Abμρ Acνλ + Abμλρ Acν),
· · · (2)
which are transforming homogeneously with respect to the ex-
tended gauge transformations δξ .
Using these ﬁeld strength tensors one can construct two inﬁnite
series of forms Ls and L′s (s = 2,3, . . .) invariant with respect to
the transformations δξ . They are quadratic in ﬁeld strength tensors.
The ﬁrst series is given by the formula [2–4]
Ls+1 = −1
4
Gaμν,λ1...λs G
a
μν,λ1...λs
+ · · ·
= −1
4
2s∑
i=0
asi G
a
μν,λ1...λi
Gaμν,λi+1...λ2s
×
(∑
P
ηλi1λi2 . . . ηλi2s−1λi2s
)
, (3)
where the sum
∑
P runs over all non-equal permutations of λ
′
is,
in total (2s − 1)!! terms and the numerical coeﬃcients are asi =
s!
i!(2s−i)! . The second series of gauge invariant quadratic forms is
given by the formula [2–4]
L′s+1 =
1
4
Gaμν,ρλ3...λs+1G
a
μρ,νλ3...λs+1
+ 1Gaμν,νλ3...λs+1Gaμρ,ρλ3...λs+1 + · · ·4
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2s+1∑
i=1
asi−1
s
Gaμλ1,λ2...λi G
a
μλi+1,λi+2...λ2s+2
×
(∑
P
′
ηλi1λi2 . . . ηλi2s+1λi2s+2
)
, (4)
where the sum
∑′
P runs over all non-equal permutations of λ
′
is,
with exclusion of the terms which contain ηλ1,λi+1 .
These forms contain quadratic kinetic terms, as well as cubic
and quartic terms describing non-linear interaction of gauge ﬁelds
with dimensionless coupling constant g . In order to make all ten-
sor gauge ﬁelds dynamical one should add all these forms in the
Lagrangian [2–4]
L = LYM +
(L2 + L′2)+ g3
(
L3 + 4
3
L′3
)
+ · · ·
+ gs+1
(
Ls+1 + 2s
s + 1L
′
s+1
)
+ · · · . (5)
The coupling constants g3, g4, . . . remain arbitrary because each
term is separately invariant with respect to the extended gauge
transformations δξ and leaves these coupling constants yet unde-
termined. Our aim is to analyze the particle spectrum of this gauge
ﬁeld theory.
Let us consider the second term in (5)
L2 + L′2 = −
1
4
Gaμν,λG
a
μν,λ −
1
4
GaμνG
a
μν,λλ +
1
4
Gaμν,λG
a
μλ,ν
+ 1
4
Gaμν,νG
a
μλ,λ +
1
2
GaμνG
a
μλ,νλ. (6)
It deﬁnes the kinetic operator and non-linear interactions of the
rank-2 tensor gauge ﬁeld Aaμλ .
2 As we found in [2–4,21], the cor-
responding kinetic operator (10), (15), (16) and free ﬁeld equations
(12)/(13) describe the propagation of helicity-two, λ = ±2, and
helicity-zero, λ = 0, massless charged tensor gauge bosons and there
are no propagating negative norm states.
Our aim here is to extend this analysis to the rank-3 tensor
gauge ﬁeld. For that one should consider the third term in the sum
(5):
L3 + 4
3
L′3 = −
1
4
Gaμν,λρG
a
μν,λρ −
1
8
Gaμν,λλG
a
μν,ρρ
− 1
2
Gaμν,λG
a
μν,λρρ −
1
8
GaμνG
a
μν,λλρρ
+ 1
3
Gaμν,λρG
a
μλ,νρ +
1
3
Gaμν,νλG
a
μρ,ρλ
+ 1
3
Gaμν,νλG
a
μλ,ρρ +
1
3
Gaμν,λG
a
μλ,νρρ
+ 2
3
Gaμν,λG
a
μρ,νλρ +
1
3
Gaμν,νG
a
μλ,λρρ
+ 1
3
GaμνG
a
μλ,νλρρ. (7)
The corresponding kinetic operator is (21), (26), (27) and the free
ﬁeld equation for the tensor gauge ﬁeld Aμλ1λ2 is given by the
formulas (22)/(23).3 We shall demonstrate that in four-dimensional
space–time the free equation (22)/(23) describes the propagation
of helicity-three, λ = ±3, and a doublet of helicity-one, λ = ±1,±1,
massless charged gauge bosons and that there are no propagating
2 It has sixteen components in the four-dimensional space–time.
3 Its relation to the Schwinger equation for the symmetric rank-3 tensor gauge
ﬁeld is discussed in the ﬁfth section. See also references [9,17,19].negative norm states. The four-dimensional space–time is critical
because in ﬁve- and higher-dimensional space–time the equation
has solutions with negative norm states.
The particle spectrum on higher levels is not yet known com-
pletely and to ﬁnd it out remains a challenging problem. The
general kinetic operator is presented by formula (47). The corre-
sponding free ﬁeld equation for the high rank tensor gauge ﬁeld
on mass-shell has two solutions which describe the propagating
positive norm states of helicities λ = ±(s + 1). But the diﬃculty in
ﬁnding out all propagating modes lies in the fact that the number
of ﬁeld components dramatically increases with the rank of the
tensor gauge ﬁeld.
In the Yang–Mills theory the quadratic part of the Lagrangian
and the free ﬁeld equation have the following form:
LYM|quadratic = −14 F
a
μν F
a
μν, ∂μF
a
μν = 0, (8)
where Faμν = ∂μAaν − ∂ν Aaμ . The kinetic operator in momentum
representation is
LYM|quadratic = 12 A
a
αHαγ Aaγ ,
where
Hαγ = −k2ηαγ + kαkγ . (9)
The free ﬁeld equation describes the propagation of the gauge bo-
son of helicity λ = ±1. Let us recapitulate now the analysis of the
particle spectrum of the rank-2 gauge ﬁeld. The kinetic term is
given by the quadratic part of the Lagrangian (6):
L2 + L′2|quadratic
= −1
4
Faμν,λF
a
μν,λ +
1
4
Faμν,λF
a
μλ,ν +
1
4
Faμν,ν F
a
μλ,λ, (10)
where
Faμν,λ = ∂μAaνλ − ∂ν Aaμλ, (11)
and the free ﬁeld equation has the form [2–4]
∂μF
a
μν,λ −
1
2
(
∂μF
a
μλ,ν + ∂μFaλν,μ + ∂λFaμν,μ + ηνλ∂μFaμρ,ρ
)
= 0. (12)
In terms of rank-2 gauge ﬁeld the free equation of motion (12) is
∂2
(
Aaνλ −
1
2
Aaλν
)
− ∂ν∂μ
(
Aaμλ −
1
2
Aaλμ
)
− ∂λ∂μ
(
Aaνμ −
1
2
Aaμν
)
+ ∂ν∂λ
(
Aaμμ −
1
2
Aaμμ
)
+ 1
2
ηνλ
(
∂μ∂ρ A
a
μρ − ∂2Aaμμ
)= 0 (13)
and it is invariant with respect to the group of gauge transforma-
tions
δAaμλ = ∂μξaλ + ∂λζ aμ, (14)
where ξaλ and ζ
a
μ are gauge parameters. The invariance of the equa-
tion (12)/(13) with respect to the transformations (14) can be
checked directly.
The equation (12)/(13) describes the propagation of massless
charged gauge bosons of helicity two and zero: λ = ±2,0. This can
be seen by decomposition of the rank-2 gauge ﬁeld into symmet-
ric and antisymmetric parts. For the symmetric tensor gauge ﬁelds
Aaνλ = Aaλν our equation reduces to the free Einstein and Fierz–
Pauli equation
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+ ηνλ
(
∂μ∂ρ Aμρ − ∂2Aμμ
)= 0,
which describes the propagation of massless gauge boson of he-
licity two. For the antisymmetric ﬁelds it reduces to the Kalb–
Ramond equation
∂2Aνλ − ∂ν∂μAμλ + ∂λ∂μAμν = 0
and describes the propagation of helicity-zero state. In momentum
representation the quadratic part of the Lagrangian (10) can be
represented in the form
L2 + L′2|quadratic =
1
2
Aaαα´Hαα´γ γ´ Aaγ γ´ , (15)
where the kinetic operator is [2–4]
Hαα´γ γ´ (k)
=
(
−ηαγ ηα´γ´ + 12ηαγ´ ηα´γ +
1
2
ηαα´ηγ γ´
)
k2
+ ηαγ kα´kγ´ + ηα´γ´ kαkγ
− 1
2
(ηαγ´ kα´kγ + ηα´γ kαkγ´ + ηαα´kγ kγ´ + ηγ γ´ kαkα´). (16)
A direct way to solve the free equation of motion (12)/(13) is to
consider it in the momentum representation [21]:
Hαα´γ γ´ (k)eγ γ´ (k) = 0. (17)
The vector space of independent solutions Aγ γ´ = eγ γ´ (k)eikx de-
pends on the rank of the matrix Hαα´γ γ´ (k). Because the matrix
operator Hαα´γ γ´ (k) explicitly depends on the momentum kμ , its
rankH = r(k) also depends on momenta and therefore the number
of independent solutions N depends on momenta N (k) = d− r(k).
The rankH is a Lorentz invariant quantity and therefore depends
on the value of momentum square k2μ .
The matrix operator (16) in the four-dimensional space–time is
a 16 × 16 matrix.4 In the reference frame, where kγ = (ω,0,0,k),
it has a particularly simple form. If ω2−k2 = 0, the rank of the 16-
dimensional matrix Hαα´γ γ´ (k) is equal to rank H|ω2−k2 =0 = 9 and
the number of linearly independent solutions is 16 − 9 = 7. These
seven solutions are pure gauge ﬁelds (14)
eγ γ´ = kγ ξγ´ + kγ´ ζγ . (18)
When ω2 − k2 = 0, then the rank of the matrix Hαα´γ γ´ (k) drops
and is equal to rank H|ω2−k2=0 = 6. This leaves us with 16−6 = 10
solutions. These are 7 solutions, the pure gauge potentials (18), and
three new solutions representing the propagating modes:
e(1)
γ γ´
=
⎛
⎜⎜⎝
0 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 0
⎞
⎟⎟⎠ , e(2)γ γ´ =
⎛
⎜⎜⎝
0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0
⎞
⎟⎟⎠ ,
eAγ γ´ =
⎛
⎜⎜⎝
0 0 0 0
0 0 1 0
0 −1 0 0
0 0 0 0
⎞
⎟⎟⎠ . (19)
Thus the general solution of the equation on the mass-shell is
eγ γ´ = ξγ´ kγ + ζγ kγ´ + c1e(1)γ γ´ + c2e(2)γ γ´ + c3e(A)γ γ´ , (20)
4 The multi-index N ≡ (μ,λ) takes sixteen values.where c1, c2, c3 are arbitrary constants. These are the propagat-
ing modes of helicity-two and helicity-zero λ = ±2,0 charged gauge
bosons [2–4].
Let us turn now to the rank-3 gauge ﬁeld. The Lagrangian (7)
is invariant with respect to the extended gauge transformations
(1) of the low-rank gauge ﬁelds Aμ , Aμν , Aμνλ together with the
fourth- and ﬁfth-rank gauge ﬁelds Aμνλρ , Aμνλρσ . Their transfor-
mation law is presented in Appendix A. The corresponding ﬁeld
strength tensors are: Gaμν,λρσ and G
a
μν,λρσδ and are also given in
Appendix A.
A free ﬁeld equation of motion is deﬁned by the quadratic part
of Lagrangian (7), the interaction – by cubic and quartic parts. The
quadratic part of the Lagrangian (7) is
L3 + 4
3
L′3|quadratic = −
1
4
Faμν,λρ F
a
μν,λρ −
1
8
Faμν,λλF
a
μν,ρρ
+ 1
3
Faμν,λρ F
a
μλ,νρ +
1
3
Faμν,νλF
a
μρ,ρλ
+ 1
3
Faμν,νλF
a
μλ,ρρ, (21)
where
Faμν,λρ = ∂μAaνλρ − ∂ν Aaμλρ.
Its variation over the ﬁeld Aaνλρ gives the free ﬁeld equation writ-
ten in terms of ﬁeld strength tensor:
∂μF
a
μν,λρ −
1
3
∂μF
a
μλ,νρ −
1
3
∂μF
a
μρ,νλ +
1
3
∂μF
a
νλ,μρ
+ 1
3
∂μF
a
νρ,μλ +
1
3
∂λF
a
νμ,μρ +
1
3
∂ρ F
a
νμ,μλ +
1
6
∂λF
a
νρ,μμ
+ 1
6
∂ρ F
a
νλ,μμ − ηλν
(
1
3
∂μF
a
μσ,σρ +
1
6
∂μF
a
μρ,σσ
)
− ηνρ
(
1
3
∂μF
a
μσ,σλ +
1
6
∂μF
a
μλ,σσ
)
+ ηλρ
(
1
2
∂μF
a
μν,σσ −
1
3
∂μF
a
μσ,σν +
1
3
∂μF
a
νσ ,σμ
)
= 0. (22)
In terms of tensor gauge ﬁeld the free equation of motion (22) is
[19]
∂2
(
Aaαα′α′′ −
1
3
Aaα′α′′α −
1
3
Aaα′′α′α
)
− ∂α∂ρ
(
Aaρα′α′′ −
1
3
Aaα′α′′ρ −
1
3
Aaα′′α′ρ
)
− 1
3
∂α′∂ρ
(
2Aaαα′′ρ − Aaραα′′
)− 1
3
∂α′′∂ρ
(
2Aaαα′ρ − Aaραα′
)
+ 1
6
∂α∂α′
(
Aaα′′ρρ + 2Aaρρα′′
)+ 1
6
∂α∂α′′
(
Aaα′ρρ + 2Aaρρα′
)
− 1
3
∂α′∂α′′ A
a
αρρ
− 1
6
ηαα′
(
∂2Aaα′′ρρ − ∂α′′∂ρ Aaρλλ + 2∂2Aaρρα′′ − 2∂λ∂ρ Aaρλα′′
)
− 1
6
ηαα′′
(
∂2Aaα′ρρ − ∂α′∂ρ Aaρλλ + 2∂2Aaρρα′ − 2∂λ∂ρ Aaρλα′
)
+ 1
2
ηα′α′′
(
∂2Aaαρρ − ∂α∂ρ Aaρλλ −
2
3
∂2Aaρρα +
2
3
∂α∂ρ A
a
λλρ
− 2
3
∂λ∂ρ A
a
αλρ +
2
3
∂λ∂ρ A
a
λρα
)
= 0 (23)
and is invariant with respect to the group of gauge transformations
[19]
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∂ρζ
a
ρλ − ∂λζ aρρ = 0. (24)
The invariance of the equation (22)/(23) with respect to the trans-
formations (24) can be checked directly.
Let us estimate, how many independent gauge parameters are
at our disposal. Because there are no restrictions on the symmetric
gauge parameter ξaμν , we have ten independent gauge parame-
ters in the four-dimensional space–time. To estimate the amount
of independent gauge parameters in ζ aμν one should solve the re-
striction on them in (24):
ωζ03 + κζ33 + κ(ζ00 − ζ11 − ζ22 − ζ33) = 0,
ωζ01 + κζ31 = 0,
ωζ02 + κζ32 = 0,
ωζ00 + κζ30 − ω(ζ00 − ζ11 − ζ22 − ζ33) = 0, (25)
where kμ = (ω,0,0, κ), therefore
ζ00 = ζ11 + ζ22 − ω
κ
ζ03, ζ31 = −ω
κ
ζ01,
ζ33 = −ζ11 − ζ22 − κ
ω
ζ03, ζ32 = −ω
κ
ζ02,
and we have six independent gauge parameters5 ζ01, ζ02, ζ03, ζ11,
ζ22, ζ12.
In momentum representation the kinetic operator is
L3 + 4
3
L′3|quadratic =
1
2
Aaαα′α′′Hαα′α′′γ γ ′γ ′′ Aaγ γ ′γ ′′ , (26)
where
Hαα′α′′γ γ ′γ ′′
= −1
2
(
k2ηαγ − kαkγ
)
× (ηα′γ ′ηα′′γ ′′ + ηα′γ ′′ηα′′γ ′ + ηα′α′′ηγ ′γ ′′)
+ 1
6
{(
k2ηαα′ − kαkα′
)
× (ηα′′γ ηγ ′γ ′′ + ηα′′γ ′ηγγ ′′ + ηα′′γ ′′ηγγ ′)
+ (k2ηαα′′ − kαkα′′)(ηα′γ ηγ ′γ ′′ + ηα′γ ′ηγγ ′′ + ηα′γ ′′ηγγ ′)
+ (k2ηαγ ′ − kαkγ ′)(ηα′γ ηα′′γ ′′ + ηα′γ ′′ηα′′γ + ηα′α′′ηγγ ′′)
+ (k2ηαγ ′′ − kαkγ ′′)(ηα′γ ηα′′γ ′ + ηα′γ ′ηα′′γ + ηα′α′′ηγγ ′)}
− 1
6
{
kγ kα′(ηαγ ′ηα′′γ ′′ + ηαγ ′′ηα′′γ ′ + ηαα′′ηγ ′γ ′′)
+ kγ kα′′(ηαγ ′ηα′γ ′′ + ηαγ ′′ηα′γ ′ + ηαα′ηγ ′γ ′′)
+ kγ kγ ′(ηαα′ηα′′γ ′′ + ηαα′′ηα′γ ′′ + ηαγ ′′ηα′α′′)
+ kγ kγ ′′(ηαα′ηα′′γ ′ + ηαα′′ηα′γ ′ + ηαγ ′ηα′α′′)
}
+ 1
3
{
ηαγ (kα′kγ ′ηα′′γ ′′ + kα′kγ ′′ηα′′γ ′ + kα′′kγ ′ηα′γ ′′
+ kα′′kγ ′′ηα′γ ′ + kα′kα′′ηγ ′γ ′′ + kγ ′kγ ′′ηα′α′′)
}
. (27)
In summary, we have the Lagrangian (7) for the rank-3 gauge
ﬁeld Aaαα′α′′ and the corresponding free ﬁeld equation of motion
(22)/(23) which is invariant with respect to the gauge transforma-
tions (24).
In order to understand, why in the case of the rank-3 gauge
ﬁeld there appears a restriction on the gauge parameters ζμν , we
5 One can also use a different set of independent parameters, in particular, ζ11,
ζ12, ζ13, ζ22, ζ23, ζ33.have to recall a beautiful result obtained long ago by Schwinger [9].
As Schwinger demonstrated, it is impossible to derive free ﬁeld
equation for the totally symmetric rank-3 tensor ﬁeld which is
invariant with respect to the gauge group of transformations
δAμνλ = ∂μζ aνλ + ∂νζμλ + ∂λξμν without imposing some restric-
tion on the gauge parameters ζμν , the gauge parameter should be
traceless: ζμμ = 0 [9,17,19]. A similar phenomenon take place also
in our case, that is, the gauge parameter ζ aμλ should fulﬁll the re-
striction (24), (25).
Our aim now is to analyze the free ﬁeld equation (22)/(23) for
the rank-3 gauge ﬁeld. It is convenient to decompose the rank-3
gauge ﬁeld into irreducible pieces. The gauge ﬁeld Aaγ γ ′γ ′′ is sym-
metric over the last two indices γ ′ ↔ γ ′′ and has no symmetries
with respect to the index γ . Let us consider the transformation T
of the form [20]
ATμλ1 = Aλ1μ,
ATμλ1λ2 =
2
3
(Aλ1μλ2 + Aλ2μλ1) −
1
3
Aμλ1λ2 ,
· · · (28)
It has the property of the standard transposition (AT )T = A and
allows to deﬁne symmetric AS and antisymmetric AA tensors as
AS = 12 (A + AT ), AA = 12 (A − AT ). In the case of the rank-3 gauge
ﬁeld they are
ASμλ1λ2 =
1
3
(Aμλ1λ2 + Aλ1μλ2 + Aλ2μλ1),
AAμλ1λ2 =
2
3
Aμλ1λ2 −
1
3
(Aλ1μλ2 + Aλ2μλ1). (29)
One should also deﬁne vector ﬁelds associated with rank-3 tensor
ﬁeld:
Bμ = Aμλλ, Cμ = Aλλμ,
Dμ = ∂λ∂ρ Aμλρ, Eμ = ∂λ∂ρ Aλρμ. (30)
The equation for these ﬁelds follows from our main equation
(22)/(23), if one takes its trace
(
ημν∂
2 − ∂μ∂ν
)(7
8
Bν − Cν
)
= (Dμ − Eμ). (31)
This equation shows that vector ﬁelds (30) fulﬁll Maxwell equa-
tion. Our aim is to ﬁnd explicit solutions for all these ﬁelds. This
will allow to clarify the physical content of the equation (22)/(23)
and the propagating modes which it describes.
A convenient way to solve the free equation of motion is to
consider it in momentum representation
Hαα′α′′γ γ ′γ ′′(k)eγ γ ′γ ′′(k) = 0, (32)
as we did in the case of the rank-2 gauge ﬁeld. The matrix operator
Hαα′α′′γ γ ′γ ′′(k) is given by the expression (27) and in the four-
dimensional space–time it is a square matrix 40 × 40. Indeed, the
gauge ﬁeld Aγ γ ′γ ′′ = eγ γ ′γ ′′(k)exp{ikx} is symmetric over the last
two indices γ ′ ↔ γ ′′ and has no symmetries with respect to the
index γ , thus the multi-index N ≡ (γ ,γ ′, γ ′′) runs 4 × 10 = 40
values and the matrix HNM is 40× 40.
In the reference frame, where kγ = (ω,0,0,k), the matrix HNM
has a particularly simple form. If ω2 − k2 = 0, the rank of the
40-dimensional matrix HNM(k) is equal to rankH|ω2−k2 =0 = 25
and the number of linearly independent solutions is 40− 25 = 15.
These are pure gauge ﬁelds (24)
eγ γ ′γ ′′ = kγ ξγ ′γ ′′ + kγ ′ζγ γ ′′ + kγ ′′ζγ γ ′ (33)
with ten ξγ ′γ ′′ and ﬁve ζγ γ ′ independent gauge parameters.
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and is equal to rankH|ω2−k2=0 = 18. This leaves us with 40−18 =
22 solutions. On the mass-shell the number of pure gauge ﬁelds
increases by one and becomes equal to 16. This is because instead
of the pure gauge ﬁeld
eγ γ ′γ ′′ = kγ ′
(
e(1)γ e
(2)
γ ′′ + e(2)γ e(1)γ ′′
)+ kγ ′′(e(1)γ e(2)γ ′ + e(2)γ e(1)γ ′ ) (34)
there appear two additional linearly independent pure gauge solu-
tions
→
e′γ γ ′γ ′′ = kγ ′e(1)γ e(2)γ ′′ + kγ ′′e(1)γ e(2)γ ′
e′′γ γ ′γ ′′ = kγ ′e(2)γ e(1)γ ′′ + kγ ′′e(2)γ e(1)γ ′ ,
(35)
where
e(1)μ = (0,1,0,0), e(2)μ = (0,0,1,0).
Thus on the mass-shell we have sixteen pure gauge ﬁelds (24), (25)
and six propagating modes 22− 16 = 6.
The ﬁrst two solutions representing propagating modes are:
e(1)γ γ ′γ ′′ = e(1)γ e(1)γ ′γ ′′ − e(2)γ e(2)γ ′γ ′′ ,
e(2)γ γ ′γ ′′ = e(1)γ e(2)γ ′γ ′′ + e(2)γ e(1)γ ′γ ′′ , (36)
where the polarization tensors e(i)γ ′γ ′′ are given in (19). These are
traceless tensors (Bμ = Cμ = Dμ = Eμ = 0). Their linear combina-
tions describe positive norm states with helicities λ = ±3, because
one can represent these solutions as a direct product of helicity-
one and helicity-two tensors. The next two solutions are:
e(3)γ γ ′γ ′′ = e(1)γ e(1)γ ′γ ′′ −
1
3
(
ηγγ ′e
(1)
γ ′′ + ηγγ ′′e(1)γ ′
)
,
e(4)γ γ ′γ ′′ = −e(2)γ e(1)γ ′γ ′′ −
1
3
(
ηγγ ′e
(2)
γ ′′ + ηγγ ′′e(2)γ ′
)
(37)
and, as it follows from (37),
B(3,4)μ = −23e
(1,2)
μ , C
(3,4)
μ = −23e
(1,2)
μ , Dμ = Eμ = 0.
They fulﬁll the free Maxwell equation (31). Their linear combina-
tions describe positive norm states of helicities λ = ±1. The last
two solutions are:
e(5)γ γ ′γ ′′ = e(1)γ e(2)γ ′ e(2)γ ′′ −
1
8
e(1)γ ηγ ′γ ′′ ,
e(6)γ γ ′γ ′′ = e(2)γ e(1)γ ′ e(1)γ ′′ −
1
8
e(2)γ ηγ ′γ ′′ (38)
and, as it follows from (38),
B(5,6)μ = 12e
(1,2)
μ , C
(5,6)
μ = −18e
(1,2)
μ , Dμ = Eμ = 0.
They also fulﬁll the free Maxwell equation (31). Their linear com-
binations describe positive norm states of helicities λ = ±1.
As one can check, the last two solutions cannot be decomposed
into symmetric and antisymmetric solutions by (29), because the
operator Hαα′α′′γ γ ′γ ′′ (27) in (32) cannot be represented as a sum
of symmetric and antisymmetric operators. It has non-diagonal
matrix elements and these solutions are a mixture of the both
symmetries. This is a new phenomenon which appears in the case
of rank-3 gauge ﬁeld.
Thus the general solution of the equation (22)/(23) on the
mass-shell is:
eγ γ ′γ ′′ = kγ ξγ ′γ ′′ + kγ ′ζγ γ ′′ + kγ ′′ζγ γ ′ +
6∑
cie
(i)
γ γ ′γ ′′ , (39)i=1where ci are arbitrary constants and we see that there are six
propagating modes of helicity-three and a doublet of helicity-one
charged gauge bosons: λ = ±2,±1,±1.
It is also interesting to see what happens if we consider free
ﬁeld equation (22)/(23) in D-dimensional space–time. As one can
see, the number of potentially negative norm states increases as
(3D3 − 5D + 4)/2, while the number of gauge parameters grows
as D2. Only in (3 + 1)-dimensional space–time there is a possi-
bility for cancellation of negative norm states, and, indeed, as we
have seen, the particle spectrum is physical in 3+1 dimensions. In
ﬁve dimensions the matrix HNM has dimension 75×75. In the ref-
erence frame, where kγ = (ω,0,0,k) and ω2 − k2 = 0, the rank of
the matrix HNM(k) is equal to rankH|ω2−k2 =0 = 50 and the num-
ber of linearly independent solutions is 25. These are pure gauge
ﬁelds (24), (33) with ﬁfteen independent gauge parameters ξγ ′γ ′′
and ten independent gauge parameters ζγ γ ′ . When ω2 − k2 = 0,
then rankH|ω2−k2=0 = 30. This leaves us with 45 solutions. These
are 25 pure gauge solutions and 20 new solutions representing
propagating modes. Only 18 modes can be positively deﬁnite.
Let us also consider the equation for the rank-4 tensor gauge
ﬁeld. The Lagrangian form for the rank-4 gauge ﬁeld is (s = 3 in
(3), (4)) [2–4,18]:
L4 + 3
2
L′4
= −1
4
Gμν,ρσλGμν,ρσλ − 3
8
Gμν,σρρGμν,σλλ
− 3
4
Gμν,ρσ Gμν,ρσλλ − 3
16
Gμν,ρρGμν,σσλλ
− 3
8
Gμν,ρGμν,ρσσλλ − 1
16
GμνGμν,ρρσσλλ
+ 3
8
Gμν,ρσλGμρ,νσλ + 3
8
Gμν,νρσ Gμλ,λρσ
+ 3
4
Gμν,ρσσ Gμλ,λνρ + 3
16
Gμν,ρσσ Gμρ,νλλ
+ 3
16
Gμν,νρρGμσ,σλλ + 3
4
Gμν,ρσ Gμρ,νσλλ
+ 3
4
Gμν,ρσ Gμλ,νρσλ + 3
8
Gμν,ρρGμσ,νσλλ
+ 3
16
Gμν,νρGμρ,λλσσ + 3
4
Gμν,νρGμλ,ρλσσ
+ 3
16
Gμν,ρGμρ,νλλσσ + 3
4
Gμν,ρGμλ,νρλσσ
+ 3
16
Gμν,νGμρ,ρσσλλ + 3
16
GμνGμρ,νρσσλλ. (40)
In terms of tensor gauge ﬁeld the free equation of motion is
∂2
(
Aaαα′α′′α′′′ −
1
4
Aaα′α′′α′′′α −
1
4
Aaα′′α′′′α′α −
1
4
Aaα′′′α′α′′α
)
− ∂α∂ρ
(
Aaρα′α′′α′′′ −
1
4
Aaα′α′′α′′′ρ −
1
4
Aaα′′α′′′α′ρ −
1
4
Aaα′′′α′α′′ρ
)
− 1
4
∂α′∂ρ
(
2Aaαα′′α′′′ρ − Aaρα′′α′′′α
)
− 1
4
∂α′′∂ρ
(
2Aaαα′′′α′ρ − Aaρα′′′α′α
)
− 1
4
∂α′′′∂ρ
(
2Aaαα′α′′ρ − Aaρα′α′′α
)
+ 1
8
∂α∂α′
(
Aaα′′α′′′ρρ + Aaα′′′α′′ρρ + 2Aaρρα′′α′′′
)
+ 1∂α∂α′′
(
Aaα′α′′′ρρ + Aaα′′′α′ρρ + 2Aaρρα′α′′′
)
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∂α∂α′′′
(
Aaα′α′′ρρ + Aaα′′α′ρρ + 2Aaρρα′α′′
)
− 1
4
∂α′∂α′′ A
a
αα′′′ρρ −
1
4
∂α′′∂α′′′ A
a
αα′ρρ −
1
4
∂α′′′∂α′ A
a
αα′′ρρ
+ · · · = 0, (41)
where the dots indicate terms proportional to the ﬂat space–time
metric ηλi1λi2 . It is invariant with respect to the group of gauge
transformations
δAaαα′α′′α′′′ = ∂αξaα′α′′α′′′ ,
δ˜Aaαα′α′′α′′′ = ∂α′ζ aα′′α′′′α + ∂α′′ζ aα′′′α′α + ∂α′′′ζ aα′α′′α, (42)
which should fulﬁll the following restriction
∂ρζ
a
ρλ1λ2
− 1
2
∂λ1ζ
a
λ2ρρ
− 1
2
∂λ2ζ
a
λ1ρρ
= 0,
∂λ1ζ
a
λ2ρρ
− ∂λ2ζ aλ1ρρ = 0. (43)
In momentum representation the free ﬁeld equation is
Hαα′α′′γ γ ′γ ′′α′′′(k)eγ γ ′γ ′′α′′′(k) = 0, (44)
where the matrix operator Hαα′α′′α′′′γ γ ′γ ′′γ ′′′(k) is given by the ex-
pression (47). In the four-dimensional space–time it is a square
matrix 80× 80. The multi-index N ≡ (αα′α′′α′′′) runs 4× 20 = 80
values. When ω2 − k2 = 0, the rank of the 80-dimensional matrix
HNM(k) is equal to rankH|ω2−k2 =0 = 53 and the number of lin-
early independent solutions is 80− 53 = 27. These are pure gauge
ﬁelds (42)
eγ γ ′γ ′′γ ′′′
= kγ ξγ ′γ ′′γ ′′′ + kγ ′ζγ ′′γ ′′′γ + kγ ′′ζγ ′′′γ ′γ + kγ ′′′ζγ ′γ ′′γ (45)
with twenty ξγ ′γ ′′γ ′′′ and seven ζγ ′γ ′′γ ′′′ independent gauge pa-
rameters. When ω2 − k2 = 0, then the rank of the matrix HNM(k)
drops and is equal to rankH|ω2−k2=0 = 40. This leaves us with
80 − 40 = 40 solutions. On the mass-shell the number of pure
gauge ﬁelds increases by one and becomes equal to 28. Thus on
the mass-shell we have twenty eight pure gauge ﬁelds (42) and
twelve propagating modes 40 − 28 = 12. One can become con-
vinced that there are two solutions which describe the propagating
λ = ±4 helicity states.
Let us also consider the free ﬁeld equation for the general rank-
(s+1) tensor gauge ﬁeld. For the rank-(s+1) tensor gauge ﬁeld the
quadratic part of the Lagrangian (5) is
Ls+1 + 2s
s + 1L
′
s+1|quadratic
= 1
2
Aaαλ1...λsHαλ1...λsγ λs+1...λ2s Aaγ λs+1...λ2s (46)
and in momentum representation the kinetic operator has the fol-
lowing general form
Hαλ1...λsγ λs+1...λ2s
= 1
s!
(∑
p
ηλi1λi2 . . . ηλi2s−1λi2s
)(−k2ηαγ + kαkγ )
+ 1
(s + 1)!
(∑
P
ηαλi1ηλi2λi3 . . . ηλi2s−2λi2s−1ηγλi2s
)
k2
− 1
(s + 1)!
(∑
P
ηρλi1ηλi2λi3 . . . ηλi2s−2λi2s−1ηγλi2s
)
kαkρ
− 1
(s + 1)!
(∑
ηρλi1ηλi2λi3 . . . ηλi2s−2λi2s−1ηαλi2s
)
kρkγP+ 1
(s + 1)!ηαγ
(∑
P
ηρλi1ηλi2λi3 . . . ηλi2s−2λi2s−1ησλi2s
)
kρkσ ,
(47)
where the sum
∑
P runs over all non-equal permutations of λ
′
is.
As we have found, the equation
Hαλ1...λsγ λs+1...λ2s eγ λs+1...λ2s = 0 (48)
has two solutions which describe the propagating positive norm
states of helicities λ = ±(s + 1). The details will be given else-
where.
In conclusion we would like to stress that all the above equa-
tions (8), (12), (22) and (48) are written in terms of generalized
ﬁeld strength tensors, like in electrodynamics and Yang–Mills the-
ory, and one can state that the Lagrangian L in (5) describes the
interacting system of gauge bosons of increasing helicities. The sys-
tem has Yang–Mills gauge boson on the ﬁrst level (s = 0), the
helicity-two and zero gauge bosons on the second level (s = 1)
and the helicity-three and a doublet of helicity-one gauge bosons
on the third level (s = 2). The presented analysis shows that, most
probably, the full system is unitary for all higher-rank non-Abelian
tensor gauge ﬁelds.
Appendix A
The extended gauge transformations (1) of the fourth- and ﬁfth-
rank gauge ﬁelds Aμνλρ , Aμνλρσ are explicitly given as follows
[2–4]:
δξ Aμνλρ = ∂μξνλρ − ig[Aμ, ξνλρ ] − ig[Aμν, ξλρ ] − ig[Aμλ, ξνρ ]
− ig[Aμρ, ξνλ] − ig[Aμνλ, ξρ ] − ig[Aμνρ, ξλ]
− ig[Aμλρ, ξν ] − ig[Aμνλρ, ξ ],
δξ Aμνλρσ = ∂μξνλρσ − ig[Aμ, ξνλρσ ] − ig
∑
ν↔λρσ
[Aμν, ξλρσ ]
− ig
∑
νλ↔ρσ
[Aμνλ, ξρσ ] − ig
∑
νλρ↔σ
[Aμνλρ, ξσ ]
− ig[Aμνλρ, ξ ],
where the gauge parameters ξνλρ and ξνλρσ are totally symmetric
tensors. The corresponding higher rank ﬁeld strength tensors are:
Gaμν,λρσ
= ∂μAaνλρσ − ∂ν Aaμλρσ
+ g f abc{AbμAcνλρσ + AbμλAcνρσ + Abμρ Acνλσ + Abμσ Acνλρ
+ Abμλρ Acνσ + Abμλσ Acνρ + Abμρσ Acνλ + Abμλρσ Acν
}
and
Gaμν,λρσδ
= ∂μAaνλρσδ − ∂ν Aaμλρσδ
+ g f abc
{
AbμA
c
νλρσδ +
∑
λ↔ρ,σ ,δ
AbμλA
c
νρσδ
+
∑
λ,ρ↔σ ,δ
Abμλρ A
c
νσδ +
∑
λ,ρ,σ↔δ
Abμλρσ A
c
νδ + Abμλρσδ Acν
}
.
The terms in parentheses are symmetric over λρσ and λρσδ re-
spectively.
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